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SOME BASIC LAVS ON ISOTROPIC TURBULENT ELOV* 
Bp L. 0. Loltslanskil 

SUMMARY 


An investigation la made of the diffusion of artifi— 
oially produced turbulence behind screene or other turbu- 
lence producers. After defining the fundamental aaaumptlona 
underlying the atatlatlcal turbulence theory more accurately, 
the author proposes a method that permits investigation of 
the diffusion of turbulent disturbances of finite Beale In 
place of the "point source" disturbances considered by Von 
Karqan;,. The method is based on the author's concept of 
"disturbance moment" as a certain theoretically well-founded 
measure of turbulent disturbances. Incidentally, with the 
object of familiarising the reader with the fundamentals of 
the new theory, the author gives' a presentation of the funda- 
mentals of the theory in e form that la considered somewhat 
.^ilmplor than that given in existing papers. 


INTRODUCTION 


In. ,rec'ent years , due chiefly to the Investigations of 
Taylor, f( ref erence l) and Von Karman (reference 2), further 
progress Has, teen made In the turbulence theory. The new 
ideas based , essentially, on the statistical turbulence 

theory; pres e^nt ed several decades ago by the great Soviet 
phyBie 1st 'Friedmann, whose premature death occurred in 192F, 
and by Keller (reference 3), 

■ • 

* / '* 

The principal difference between the new method and 
previous statiec'al methods lies in the introduction, to- 
gether with the uspal correlation moments of the velocity 
at a given point of the flow, of special "association mo- 
ments" (Friedmann's terminology) between the velocity com- 
ponents at two different points -of the flow at -corresponding 
instants of t ime. \ -This idea has proved itself -very fruitful 


•Report No. 440, of the 'Central Aero— Hydrodynamical 
Institute, Moscow, 1939. or - 
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anl has enabled Taylor to develop the theory of the dlssipar- 
tlon of turbulent disturbances behind screens and enabled Von 
Barman to give a general equation for turbulence propagation. 

The concept of association moment makes it possible to 
determine such an important magnitude as the "scale of the 
turbulence a characteristic of turbulence of equal impor- 
tance with the other characteristics ; namely, the amplitudes 
and frequencies of the fluctuations. Modern physical experi- 
ments, such as are conducted in aerodynamics, permit measuring 
the association moments and thus check the results of the 
theory, from the practical point of view nev theories are 
.important because they replace semiemplr leal theories, they 
throw light on the physical structure of turbulent motion, 
and also because they provide a firm basis for the investlgar- 
tlon of artificial flows in aerodynamic wind tunnels; open 
channels, and so forth. A knowledge of the turbulence n charac— 
terlstlcs of these flows permits a more accurate estimate of 
the scale effects of the phenomena and better application of 
the model .tests to full-scale design. 

« ■ • * * i ' * 

A further development of theproblem of the diffusion of 
artificially produced turbulence behind screens or other tur- 
bulence-producing devices is presented in this paper. With 
the fundamental assumptions of ths theory more accurately de- 
fined a method is proposed that permits the investigation of 
the diffusion of turbulent disturbances of finite scale in 
place of the point source disturbances considered by Ton 
Barman. The method is based on the author's concept of "mo- 
ment of ' dis tur banco" as a certain theoretically' well— founded 
measure ef turbulent disturbances. Incidentally, with- the 
object of familiarizing the reader. with the fundamentals pf 
the new theory, tbe latter is'presented ln<a form that is con- 
sidered simpler than that given in existing literature. 

* , L 

1. HOMOGENEOUS AND ISOTBOFIC TURBULENCE - ASSOCIATION 
.... . . { ■ ■ . ' . • ‘ * 

MOMENTS AND CO^RELAT ION. TEBSOE - TWO FIRST; CORRELATION 

FUNCTIONS FOR MOMENTS OF THE SEpOND 'ORDER ' 

, ‘ ' 

• ■ % 1 

Visualise a homogeneous turbulent flow, that is, a flow 
at a given instant the average characteristics of which are 
the same at different points. Take any two points in .the flow 
M and M 1 and' denote their relative radius vector MM!/ by £ 
and its projections on' the coordinate' axes by , g 8 , | 3 . 

The flow velocities at points K and M 1 ' at the same instant 
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of tiniest are deno.ted- by y.-and y • ... and* th^ir projec- 
tions- on the - axes- by. v£/ and - vj-' . lEhs- average* magnitudes : 




V i*J. 



(l.D 


are called, following Friedmann and Ee'-ll'er, ^association 
moments of the second order." .These nine magnitudes con- 
stitute a. tensor of the second rank called the tensor 

of the association moment. With regard- to the averaging 
the' usual averaging with respect to -time of - -the turbulence 
theory is assumed,. Use 1 b also made of the generally assumed 
averaging quantities; 

(1)‘ <p + \|/' = cp + ^ 

■ ( 2 ) E . £ 

08 08 ' ’ • ' 

. (3) q> » q> 

i •• l 

* • 

(4) cp\|/ = qj\|/ 

' . • 1 • : • 

Equations (3) and (4) are applicable,, as is known,* for the 
condition that the avarago functions may be considered as 
constant (or slightly, varying) functions in the averaging 
interval, ’ .. “ 1 * ' 

The tensor $---ln the general case of a homogeneous 
flow depends only o-n the ^relat-iv.e' position of the points M 
and M' f that is, on the vector r and on the time. A par- 
ticular case is where the association moment tensor is a 
function iof the time and . of. the diatan.ee.. .-.r between. -the - 
points* . and .M 1 but .not of .their relative, position in 
space. The turbulent flow in which the association moment 
tensor at a given instant does not depend on the ' direct! o'n 
in space of the line connecting the two points,' but only on 
the distance between them, is called an l ao-tr o -uic turbulent 
flow. I-’t- 'should "be particularly noted’ thht the property of 
isotropy refers to the tensor as a whole ps a physical magni- 
tude and not to Its individual components, 1 which depend on 
the relative position of- the line' .M-M '. ’’ arid -the -CQor.dinate 
axes. ' 


The general form’. of the' aas oc ijat ion -moment tensor* in a 
homogeneous, isotropic flow is established by means of the 
synthetic (physical) definition of the tensor. By the' 
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definition of Isotropy the components of the tensor ® 
in the system of coordinates Mlnb,- associated with the 

point M* (axis Ml is. directed along ■ KM * t the axes Mn 
and- Mb perpendicular to it), -do not depend on the direc- 
tion of these axes in space but only on the time and the 
distance r between the points M. -and _M». These compo- 
nents' are denoted by: 

/ 

(l) The association moment between the longitudinal 
components' of the velocity along 'the vector MM* (with unit 

vector i. = -■) by 


P(r, t) = v^-* 


( 1 , 2 ) 


(2) Tho BQSOcletion moment between the velocity 
components transverse to MM* by 


& (r, t) « v n v n * «= v^v^i 


(1,3) ' 


(3) The association moments between one longitudinal 
and o-ne transverse- velocity component by 


S (r, t) «= v x T n ' ■ 1 


; Sj, (r, t) = v n v t * .= v l3 v l * 


These t ens or— def in ing magnitudes may- be readily ex- 
pressed interms-of the Cartesian compdnents of the tdnsor 

' t Tv • 


P (r, t) e v 1 v l * «= ( v 1) (v^* 1) =' v.^lj^vj »lj *s 


G(r t)=vv'*«=(vn)(v*n)«vnv*n nn 

nn iijj ijij 

5 (r.t)'- (r > ty ’ ®ijVj 
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where v t_ denotes -the scalar product; n^j -are the 

projections of the unit vectors 1 and jj, that is, the 
direction cosines 1 of the vector MM* and any arbitrary 
vector perpendicular to it. The summation sign is omitted 
for repeated indices. 

By the definition of isotropy the moments P, . 0, S, and 
S x should not depend on the direction of MM' and the axes 
perpendicular to it, that Is, on the magnitudes and nj. 

The d epen-denfee of the tensor ' $ on the unit ‘vector l and 
the scalars r and t should be of the general form 

4 * A (r,t) U + B (r,t) I (l,F) 

where A (r,t) end B (r,t) are as yet undetermined functions, 
1 1 is the symbol for the dyad constructed from the vector , 
and I is the unit tensor.. Analytically the result is: “ 

*1J « i (r.t) \ t X J + B (r,t) I tJ1 Ijj | * 3 (l.Bi) 


Hence, substituting from (l,F i) in (l,4) while making use of 
.the known properties o’f, d i rec t i on’c ob ine a gives: 


F,.(r,.t)«A (r 4 t.X Vi'j l i l J + ‘ B < r :v t ) ^ijU^j:* A + ; B 
a (r,t) = A ( r , t X Vi } J n i n J '+ B (r,t) Ii^n^ ■ B 


'«mS (r,t) = A (r,t) B (r,t) I ij l i n j “ 0 

s i ( r ,t) e A ( r ,.t ) B .(r,t) Z 1 jii 1 tj = 0 

• "T .. * 


The equating to aero of the components v,v. •. v»Vv* and 

7\ - '• ■ : ■ ■ ■ , -.ro 1 

other, nondiag'onlal components -showa^ that .the axes Mlnb - axe 
the pr,in.cipal axes of the tensor Consequently r> 

. - . i * . A. ® 7 — ■ 0 , B 0 ... . s . . ; „ . J 
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and the final expression for the tensor <p will be 

*-(?-&) JL1+&1 

®ij " ( J ~ G ) 'i l J + &I ij 

In what follows the functions ]T(r,t) and G (r,t) are 
denoted as the first and second moment functio ns.* 

Noting that in the case of homogeneous isotropic turbu- 
lence 



V x 4 «= V a fa = V 3 S e ▼ 1 « a = v s 1 * * V.J * a B 7 ® 

Ton Karman, in place of the association moment tensor $, 
introduces the correlation tensor 


1 v i v J 1 

h = b u ■ - 7 = 4 = 

v y ▼ a v* 41 


T i v j 1 

vS 


(1,7) 


Together with Ton Karman the two correlation functions are 
int roduced : 


f ( r ,t) - liHoll g 


(1,8) 


so that,' maiding .us. et 'of the evident relation l ^ = l^/r 


H = £-—5 rr + gl 


or 


f ~ 


g 


1J 


r« 


8 12 j + g*ij 


(1,9) 


Incidentally it should be noted that v^vj = 0 for 
i ' ^ J as r approaches ser'o in the expressions for S or 
S x , This is not surprising since the average velocities 


*The reader is reminded that these functions have a simple 
physical msanihg; namely, the association moments between two 
longitudinal or two transverse velocity components with respect 
to the line connecting the points. 
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In a hoaoeen e oua turbulence are everywhere the same ■ and • there 
is ' np. momentum- transport. The friction ls.then'also evidently 
equal to zero. 

^ ■ { , . . ■* . i 

" 1 1 * ■ ■ ■ I 

The unknown correlation functions' f and g are defined 

by a relation based on the equation of continuity. 

• » * 

2. ASSOC I AT I ON MOMENTS OT TgE THIHD OflDEH , - ASSpC IATI ON 

■■■ ’ .. ■ • • ' • 

MOMENT TENSQH 0? THE THIHD BANE AND ITS MOMENT EUNCTIONS- 

■*■■■ C OHHELAT 1 Otf TENSOH AND ITS fiOBHECTI ON JUNCTIONS 1 ' 

■ ■ 


In the Erledmann and Keller theory the association mo- 
ments of ’thfi ’-thi rA '.order were -not considered.' It was assumed 
that these moments were small and that they could be neglected. 
Ton Karman at first neglected them and only after the criticism 
of Taylor did he give up this simplification. Since the in- 
vestigation of the problem of isotropic turbulent motion is to 
be made with a minimum of quantitative restricting assumptions 
the theory of association moments of . the third order is pret- ■ 
centecl by the same method of presentation as in the previous 
sect 1 on.' 

I . ' ) 

By association moments of the third order or simply 
third moments are meant average magnitudes -.-of the type* 


v i v jV and v iV v k' 

where the notation remains the same. * 

It is read fly seen "that the association moments contain- 
ing two component s : ai' point M> and one at point M may be 
expressed in terms of the association moments containing two 
components at point M and one qt point M*. Interchanging 
,ti*e place.-s 'of the points ■ M 'and M' ' is equivalent to re- 
versing the direction of the vector MM** so that 


r iVV 


- w* 


find so forth 


Theref ore, consider the magnitudes of the type 

1 J * ■ 

The set of these magnitudes form, an association, moment tensor 

.* . ' : J ' ■ 1 I ■ I . 


V i V J V k' 
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ef the third rank. Denoting this tensor by n and Its 
components by j ^ gives Its moment- functions by consid- 
ering, as previously, the synthetic (physical) definition 
of the tensor. Nor this purpose consider the -components 
of the tensor n on the axeB which are the principal axes 
of the tensor $ : 


v l S V‘ v l v nV’ v i v n T n ' » v n &v l ' » VV and so ’forth 

As in the previous case it is noted that (repeated subscripts 
denote summation); 


Hence 


v l “ v i l i* v n m v i n i • v i r “ T i' l i and 80 forth-' 


vv c ViVjV'k * ^ijk'i'j^ 


v i v n v \ 1 - rr ljk i 1 n J i k 


. ) ( 3 , 1 ) 


▼ ,v v » = n...l.n,n, and. so forth 


Inn _ “ijk*i“j“k 

t , i 


According to the condition of isotropy all these third 
moments should not depend on the direction cosines -tj 'and 
n j» The equation of the general dependence of the tensor 
or the third rank-. II. on the vector Jl (invariant equal to 
unity) and the scalars jc a»d Jfc reads: 


IT iJk * Al i l J l k + Bl i I Jk + Cl J I ik + Dl k I iJ (2,2) 

where A, B, 0, and D are scalar functions of r and t 

To determine these scalar functions the values n i j jj- 
from (2,2) are substituted in (2,1) so that,, -for example: • 
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or, by making use of the kno.vn properties of the direction 
pos-.lpee: . , 


1 A l ^ ” 1, I jk l j'k * 'j'j “ and » ao forth 


▼ 1 t 1 «**A+B+C + D 


in a "similar manner 


▼ * “ 0, ▼ ▼ I o B «= V V-Y 1 = C 

1 U 1 * Inn nln 


Y . Y 

nln 


T n* v l * * D * v n 5v n’ " °. v i“ v t, 1 = 0 etc - 

I 


1 n 


the three nonsero moment functions are denoted thus: 


Jl S *l K <.», t ) i ▼ 1 t b v d; , _^ v l v - b v b ' = <4 (r,-t)5 


v_ a v , t 


1 r " v b Sv l' * :h 


For the coefficients A, B, C, and B it results in: 


i : : ... . v • 


■ J : 1 *. " : ■* I ’ 1 - A' = fc — ’2 Q — H ■ : "■* "■ " ' - •' ■' ' " ■' ■' " ■ 

• • i ‘ ' \ ‘ ;1 ! ft : .* ■ . ■ ■* -1 1 ■ ' -1 f . 

■ t 1 . j ■ ■ & b u ; t q- * ‘ ■ * • ■ ■■ ■ ■ 


; •• .* : V » _ 

* ' ’■ i # ».j*l | 


= H. 


The. final express^ion-.f.pr. the componentsr ief-- tha association 
moment tensor Ojf.. .the-; .tbdjT-d rank is: » ■ -.-j\ ■ 1 

n ijk = (*- Qlj.ijk+ QJj"Iik+ Hlfelij (2,4) 


In place of the^hensor of association moments of the 
third order Ton Karman uses the correlation tensors 
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1 

( v a ) ff 


n; 


T ijk " 


n ijk 

(v a ) a 


VlTJVk 



f 


(2,F) 


If the correlation functions corresponding to the moment 
functions are denoted by the corresponding smal 1 ‘le tt ere , 
setting 


k , (r.t)« b ( r . t ) . H( . (3,f) 

(v a ) S (v a ) 8 (v a ) 8 


and is replaced by £*/ r, the Von Karman formula reads; 


ljk " k , h J ' 2 ' a *i*J*k + 7 Z 1 J^k + "p I lk^j + r 1 i^± (2 * 7 ^ 


4. VECTOR Or ASSOCIATION MOMENT RELATING PRESSURE AND 
VELOCITY IN ISOTROPIC PLOW AND CORRESPONDING 
MOMENT JUNCTION - DERIVATION OF FUNDAMENTAL 
RELATIONS BETWEEN MOMENT FUNCTIONS 


The Investigation of the problems of the dynamics of 
an isotropic turbulent flow requires still another association 
moment relating the pressure p at a point M with the Te- 
locity vector v* at a neighboring point. This association 
mome nt is represented by the vector pv^T with the projections 
pv^ * , Following the method of the preceding section the 

physical components of the vector of the association moment 
relating the pressure with the longitudinal and transverse 
velocities are expressed by the projections: 


PV* * P v i‘ l i ! P v n ° P v i n iJ 

P t Tj - P^ibi 


(4 t l) 


HA.CA.2k Ho.. .1079 


11 


on the condition that, became of the isotropy, these physi- 
cal magnitudes do not depend on 1 ^ 0 nj, and b^. She con- 
dition of the general isotropic dependence of the vector pv 
on the unit vector _l and the scalars r and t is evident- 
ly reduced to the following: 


pvi* ■ P (.r,t) li 


(4,2) 


where P(r,t) is an arbitrary scalar function of the varlar- 
blee r,t. The physical meaning of these functions will 
become clear if the value pv. 1 is substituted from (4,2) 
in (4,1);. it is: 


pv,' - P(r,t)l 1 l 1 
pv n » - PCr.t)!^ 
pv b ' - P(r,t)l 1 b 1 


P(r ,t) 

0 > 
0 


(4,3) 


Hence the moment function P(r,t) represents the association 
moment relating the pressure at point M with the longitudi- 
nal velocity component at point M + ; the association moment 
of the pressure with the transverse velocity component is 
equal to zero. Elsewhere it is shown that F(r,t) must also 
be equal to. zero by reason of the continuity. equation.. 

The foregoing statement regarding the association moment 
of the pressure and velocity naturally remains true for the 
association moments of any scalar fuuction and the velocities. 
This remark -will be of use in the. following information. 

i . . 1 

Simple transformations; on the continuity equation,' 
which, of oourse, holds for the turbulent flow, enables cer- 
tain relations between the moment functions of the associa- 
tion moments to tye .found: < 


Proceeding from the simplest and keeping the point M 
fixed, write the equation of continuity in the neighborhood 
of the point K 1 (repeated indices denote summation) 
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dvj • 


0 


(4,4) : 


Multiply both sides of the above equation by the pressure 
p, which does not depend on | at point H, and take tho 
average; this yields 


5pvj 1 


(•4,5) 


But , by (4,2) 


P vj* 


P(r ,t)lj 


P(r,t) 


h 


tt (r ,t ) | j 


Therefore, (4,4) ma-' - bo written thus: 


. du „ 

3tt + £ j — = 3 tt + | 

J 


.TT 


h . 

r 


3tt +' r-rr ' = 0 


whore the prime donotes differentiation with respect to r. 
The solution of this equation is 


tt = 


c(t) . 

r 3 ' 


P 


C (t) 
r “ 


Prom the condition of finiteness of P for r — >■ 0 follows 

C (t) = 0, P (r , t ) = 0 


Thus in a homogeneous isotropic turbulent flow tho associ- 
ation moment of tho pressure at one point with the velocity 
at anothor is equal to zero, that 1 b, 


pv; 1 = pv n 1 = pv b * = 0 


or 
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Multiplying both sides of equation (4,4) by vj , 
independent of , and. averaging givos 


av i T 'j 


0 


(4,6) 


The substitution of tho expressions for tho components of 
the tensor in torms of tho mouont functions F and 0 by 
(1,6) first replacing by t j/ r gives - 


or 



< aI ij> 


0 


F - G & 


<t ± tj) + 



0 


Wot ing that (prime denotes partial differentiation with 
respect to r) : 

~ (5i?j) = !i e J FfJ = 3li + 5l = 4li 

• a l - & _ (*_z ti. '&<>■ _ a . U 

bi ± r* " Vr rj T • bti - 0 r 

leaves after simple reductions; 

F « + 3 =0 . (4,7) 

t '■ . 

This is the relation between the moment functions- F and 
G-. With the aid of this relation 0- is replaced by F 
according to the equation; 

5 = J + | rP ' (4,8) 


r 
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Hext, consider the moments of the third order. In thfc 
same manner as "before, multiplying both sides of equation 
(4,4), where the index of summation J is replaced by k, 
by v i v j and averaging the results in: 


aT i T J T A = o 
s Sk 

Substitution in the above equation of the values of the 
components of by (2,4) gives: 

, (S { ^ 


+ I 


ik 


*1 


“(r *j) + li i (l k) = 0 (4 * S) 

k * 


or 


K - 21- E d 




dll 


w 3 0 £i )?sti(? 0 + 0 ■ 0 (4 - io) 


But, as nay readily be seen . 


T&fj ( *i*j*k> “ *k ^ + d|t = 2 ^i f j + 3? i 5 j = 5 -i^ j 

sfj 0* •*)■■* ©'V* J Uj- 7 & 

!C C s 0 ' r ©' 


■j * ; 


a /'e , Y H al k , ('ey Ik. H _ fify 
ai; Vj S V 7 6l^ + 5fc W T~ 3 7 + 


w 


■ ■■■■■I ■!■ IM | || 
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Hence; equation (4, 10.) .gives t 

l i * .. m ..... t 

: + [ 2 f + *l> r (l)'] *ij 

In view of the fact that this equation must he satisfied 
for any the expressions In brackets are individually 

equaled to zero} hence after simple reductions, the two 
equations conneot.ing the moment functic 
read as follows: ' f , , 

K i - H« + 2g -~~ 2H ~ 6 Q * 
r 

rr ■ . 2Q+ 2H „ 

H 1 + — ^ a 0 

r 

The last equation expresses Q in terms of Hi 

Q = _ H - | H» (4,12) 

'Substitution of this value of ■ Q in the first equation^ (4,11) 
give si t "■ Z 

(K + 2H) « + - (K + 2H) a 0 

■ * ....... . 

- . + , . ■ * * . 

hence 

K + 2H = -Sill 
r 8 

; ■ . . ■ I 

From the condition of finiteness of the sum K+ 2H for 
r-r-*0 follows : 

' ■ K +; 2H = 0 ' (4,13) 

1 ' i . • i ..■■■-» '■ ■; 

It 1 8 readily seen that equation (4,13) is satisfied beoause 
of the previously proved general property of isotropic flow} 


ns K, $,. and H 


1 


(4,11) 
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namely, that the aaeociatlon moments of the scalars at one 
point with the velocity components at another are equal to 
zero. Thus; 


X + 2H= v^ s v l « + 2v n B v l • *= v x Sv i 1 + v n ST l ' + v h 8v l * = 787 1 1 = 0 
This equation may he considered as equivalent to 


£ 5 - I ' * 0 . (4,14) 

8 «« 

where pv a /2 is the kinetic energy at point M, and v' the 
velocity at point M' . Bearing in mind the statement con- 
cerning the association moment of the pressure and velocity, 
write: 



(4,15)' 


Thus in a homogeneous isotropic turbulent flow there in no 
correlation hetwoen the velocity at one point and the total 
mechanical energy at another. 

The same holds true for magnitudes measured at the- same 
jpo'int in the limit as r — * 0. According to the foregoing the 
isotropy of a turbulent flow is intimately related with the 
absence of momentum transport (friction). Now it is found 
thot in an isotropic, flow there- can -bd no transport of energy. 

It should be borne in mind that the obtained results are 
not a trivial consequonce of the purely kinematic symmetry of 
isotropic flow (this is true, for example, with regard to the 
equations ; 


pv^ 1 = 0; vfy^* =0 

and so forth, which might have been derived by rotating n 
through 180°). They were -p rove d - by the equ at i o n of continuity 
of the flow (the equations pv^ » = 0 and v^v^ 1 = 0 cannot 

be derived from considerations of symmetry). This equation is 
applicable . only to incpmpresslble fluid. 
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6. FUNDAMENTAL EQUATION OF THE PROPAGATION 1)7 TURBULENCE 
■IN AN ISOTROPIC, FLOW - DISTURBANCE MOMENT - THEOREM ON TEE 
CONSERVATION OF THE DISTURBANCE MOMENT - ANALOGY BETWEEN 
THE PROPAGATION OF TURBULENT DISTURBANCES AND 
THE PROPAGATION OF HEAT 


The next Btep Is the derivation of the fundamental dif- 
ferential equation of the propagation of turbulent disturb- 
ances as recently given by Von Norman (1938). With a view 
to further investigation this equation is derived in terms of 
moment functions and not the correlations by Von Zarman. 

The continuity equation, as a homogeneous equrtion with 
respect to the velocities, affords expressions of the moment 
functions only in terms- of others of the same order. A re- 
lation between the moment functions of different orders is 
obtained by the Navicr— St okes equations, which are written 
down for the point M. 


dv* dvi 1' dp 

- v r - + V . — ■ — — — -v + 

Ct J OXj p CXj 




— ) 
5x ^ / 


Multiplying both sides by * , that is, by' the. velocity 
at 'po-int -M', and averaging gives , 


. dvi , dvi 

V ■&r; + v k’ V J ^ 


dp 


- ~ v k 1 + y’k'vx 3 v i (p. 1 ) 


The- component v k * is a function of the time and the coordi- 
nates- • and not of xj_; then by use of, the equation of- 

continuity .the . triple produot on the left side can 'be written 
as : '.■■■* . . 


▼k* ▼ 


^i„ 


v k 


-" ay .i v J 

' d** : 


- v k ' T i 


ovj 

Sxi 


Svivjvk 1 

dx * 


The association 
function of xj 


moment vj^VjV^ • : -.may be considered-' as 
if the point M 1 is held fixed or as 


a 

a 
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function of .|j if the point M ie held fixed, differenti- 
ation with respect to xj corresponding to fixing th.e point 
M 1 and differentiation with respect to to fixing the 

point M, that 1 b, to a reversal in the direction of differ- 
entiation; hence 


dviTjVk 1 _ ^ Svivjv k » 

5l j 


so that 


bvj d 

T *' rr. = - *r t i t jV 




Jrom the foregoing further follows* 

T i j$B_ = — v, i p = 0 

k &Xj dxj^ * 


and 


V V/Vj. = 7 X v^t = 7 a v^j,' 


'( 5.2 ) 


(5,3) 


(5,4) 


s 

where the symbol V denotes the Laplacian with respect to 
the variable ■ \ (the sign before the Leplacian evidently 
should not vary). After the above transformations equation 
( fr , 1 ) becomes 


i 


Svi 

lit" 


~ ViVjVk* 


a 

V V 


viv k « 


(5,5) 


The same process is repeated by Interchanging 
and H 1 • that is,' write down the. equation of 
at the point K», multiply both sides by v i , 
so that instead of equation (5,5) there is; 


the points M 
Navi er— Stokes 
and so forth, 


*i 


bv k « 

+ 

5t 



- V 




V i V k' 


(5,6) 


But as already noted 


in section 2: 



W JB« Ho.. 


1-079 


v-19 


▼ ' t ' v * — v ■ ' v r- 
1 j k 1 J‘ k 


•: v } , 


henc^ ( 5 f 6) changes to 


dvfc. 1 • 3 — 

? i : at aij J k * 


. t V; " ■ 'i - ■: 

■ . Li ; ■ - . •. 

. ■ ■ if-.'. 

»7° ;"te A ?) 

* (■ l 


Combining (B,6) and (5,7) and -recalling the previously 
assumed notation for the 'components' of the tensors of the' 
association -moments finally gives: 


dttlk 

at 




+ 


"jki* 


2v$ a $ 


lk 


(5,8) 


She foregoing complicated system of equations can be very 
much slmpllf-ied by expressing all the components of the 
tensors in terms of the corresponding* moment functions. - . 

Making use of- the condition that,: *. the equation must h.ol.4-.fo-;r 
any values of ^ ^ as before .affords, .however, two. squat ions 

-'with three unknown independent ' moment ' funct ions ( for' example, 
''T-.'ff*, and H). Eliminating one of these (for example/ <1 ) ,• 
’after ®'b®® reductions which are disregarded, gives the fol— 
Towing' e qua t i o n : : 

?. j ioif r r;* • . ■ .. > ■ 






4 d£ \ 

r df)r: :i 


- t 1 'L •>, 

' . 1 $, 9 ) 


- * I.* • , - - -:*■■ 

.jtq: the -foregoing the derivatives of ,5 and:. L J;,: with; : 
respect to ' r were denoted by -a prime, the. time being con- 
elder eiT : a s'*'’ ’fixed throughout. Bore the part ial deiflVaitlW 0 
notation is used in order to b-yljng- out the character, -of -thje 
time as an independent variable. 




Equation (5 *9) was. given in '1938 by Von Karmen -la-.terms 
of the corj elation functions f and h in. .the forn;.. j .: v 
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2b 


S(v 8 f ) 

at 


3(v 8 ) 





2Vv* 





(5,10) 


The form (5,9) propoBed here le more suitable for! application 
as will be shown later since it does not contain the ^artifi-t 
daily introduced factor v a . The equation by Von Karman 
represents a single equation with two unknown functions h 
and f, that is, ,an indeterminate equation. As has been 
shown by Von Karman, in his most recent paper, it 1 b impossible 
to render the equation determinate by using the same method 
but passing to moments of a higher order because the number 
of the moment or correlation functions increas.ea together 
with the number of new equations (this fact has long been, 
known due to the investigations by Friedmann as far' : back a.s 
1925). 

Equation (5,9) may be considered as .an equation deter- 
mining the distribution in spaae and time of the association 
moment F(r,t) or, what 1 b equivalent, of a magnitude pro- 
portional to it; namely, the coefficient of correlation 
between two longitudinal velooit les at -two neighboring points 
at a distance r from each other at the same Instant of time. 
The first term determines the local change of F, and the 
remaining ' terms on -the leftJside give the convective change 
■ ; in-‘F expressed 'i-n -terms of 'the function E, and finally the 
. >vl-ght side gives .the .molecular, diffujjiqn qf the same magnitude 
F. a The indeterminat^ness of the equation is due to the pres— 

. enqe of the ■ convect.ivp 'terms , ^hich'. remain *tuikn6wn and canpdt 
be expressed in ' terms of the 'function F' ‘without any add fA 
tlonal assumptions. Equation (5,9) might hAve been directly 
arrived at by averaging the Navier-St okas equations in spheri— 
/- ca^ coordinates, and"it would then be. clear that the local and 
' diffusion ..terms represent simultaneously' 1 an’ averaging of the 
fluctuations v^v^ • and a fluctuation' of the average v^ v^ * 

while the cpnvective term, on account of nonlinearity, deter- 
mines the mian convection- of ‘the magnitude-. v:v » but not the 

convection, qf jthe mean, v^v'^i » F; and precisely herein lies 

the dlf'f icul'ty of> the- problem^ 

The Von Karman theory in 1937 in which the effect of 
moments of the fh’ird- order .-.was -omitted, that is, the con- 
vectiv e (inertia)- terms* may be -regarded, only as a theory of 
pure diffusion without convection, that is, a motion with 
very small Reynolds numbers. Attempts to consider the problem 
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cf turbulent isotropic .mot tqn for .large Reynolds numbers In 
Ton Xa'rman's recent paper (1936) are as yet In a very primi- 
tive stage.- In this connection it is of great interest to 
clarify the general properties qf isotropic turbulent .flow 
in the general Case of motion With both small and large 
.Reynolds numbers, 

1 

. Subsequently proof is given qf a general theorem of 
turbuLent disturbances; namely, a theorem on the odnaerva-r 
tloh: of the disturbance moment. With the aid of this theorem 
the problem of the decay of turbulent disturbances can be set- 
up and solved. 

i * ■ 

6. THEOREM OH THE CONSERVATION OF T'HE" DISTURBANCE MOMEHT — 
HI STURBAHCE MOMEHT AS A -MEASURE : OF. THE QUANTITY OF 
DI STURBAHCE - ANALOGY tf irVH 'rEA* 

* ‘ PROPAGATION PROBLEMS ” 


Before proceeding .to the derivation of the fundamental 
theorem a few remark’s concerning' the physical significance of 
the problem of obtaining the funotion F(r,t) or f(r,t) = 

F (r,t) should be of Interest. Assume that the funotion 
v" 

F(r if t) i s det ermined; then the correlation coefficient 
f{r',t) b tjti'/t* between the longitudinal velocities will 
be determined. For r » 0 the correlation coefficient is 
evidently equal to unity and a complete, relation between the 
phenomena exists. With Increasing r, howeVet, the corre- 
lation coefficient rapidly decreases corresponding to a 
dC-cfeasq of the. statistical association betwe.en .the phenomena 


at the joint's M and M'. For • r « « 
equal to' sero. 

F ' and ' f 

are evidently 

• Consider ’the . integral . 

't ; OD ’ » 

A ft 

• » ' 

■ • 

, .L - / f(r,t)dr - i / 

F ( r , t ) dr 

(6,1) 

) *::■ o' i 0 

. \ '■ 




This integral may be visualised as a certain length, derived 
with the aid of the correlation. coefficient, that character- 
ises the mean dimension of the Region- of disturbance or, as 



22 


SAC A* TM So. 1079 


termed later on, the Beale of the turbulence . ..She magnitude 

8 Js{O t t) ' is denoted aa the Intensity of the turbulence 
(It is the square root of the mean square of the velocity). 


If, at a given instant, disturbances are produced in a 
stationary fluid (by passing a screen through it), then under 
the effect of viscosity and convection these disturbances 
will be propagated in space and dissipated on account of the 
viscosity. It can readily be. seen that the intensity will 
decrease to zero and the scale of turbulence will expand as a 
result of the diffusion and convection. The quest ion naturally 
arises whether or not a certain quantity will be conserved 
with respect to time. It will be shown that under very gen- 
eral assumptions such a magnitude that remains constant in 
tim e exists and may serve as a measure of th e q uantity of 
disturbance externally applied to the fluid. To prove this 
both sides of equation (P, 9) are multiplied by r* where k 
for the present is assumed to be positive and Integrated with 
respect to r betwean the. limits of sero and Infinity. Then 


at J 


.k 


J r dr + 2 
o o 


/ fr + 8 ./ 


Hr*” 1 dr 


o 


’ ( I 'J pkdr + *1 S r " _1 dr ) . <*• 


2 ) 


o' o 

Integrating (fprmally) by parts gives 


*/ 


’ 00 


Fr k dr ■ - 2 (Hr*) Q + 2k J*- Hr*"" 1 dr - 8 J* Hr* -1 dr 

o o 






00 

). 

00 

> 

o 


00 


00 

— 2vk f r^”* 1 dr + 

8v 

r 'iz 

o 


J o ar 

— — 


. . 00 

. • k-i 


/ar k\ 

+ (2k- 8) Hr dr + 

2V 

( — r ) 

0 


>3r J 0 

co, ..*■■■ 


r \ . 

f ‘& ar 
br 




dr 


(6,3) 
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As r increases to infinity the functions J, H, df/br 
whidh are proportional- to the. porrelat-l'ton ooef ficienta, must 
rapidly deorease to sero. For small r'- the function 7 , 
being an even function, has the form 

••<»* n*,r»n.» ivr'.io n£ 


a 8 

?(r,t) - 7 ( 0 , t) + I » ( 0 , t ) i- + ... - t» + f ■ - 2 - + ... 

a u ss 2c 

w . I V I . ■ I Wl 


and, therefore, for small.. ;r: 


\. 
c 


;.V 

.XI • 


a? ■ • ' 

— — •• r . * 

V all* 4 

6r 


Similarly' the function H(r,t) is expanded in a eeriest 

H(r,t) * H( 0 ,t) + H'(O.t) r + -i H"( 0 ,t)r s + 1 H"«(O f t)r* +... 

•■.v t • 2- 1 .* . -6 


• .. , 

• • * 

. . ■ .. ■ ■ • * i • ■ * * i • i 1 * ; 

It i 8 noted -that, on account of the-.-isotropy, Jon- revere ing th 
direct ion..: pf to . and passing bo-'.the limit as r- -> 0 , 

t‘hb : vtfiub J o'f H( 0 , t ) does not chhftig&t but* * '■ 


8 ▼ ' V I ’ ■ = v s v j|‘' , -'^- 0 o — y *t. i 


cr .i 


i'C •: • • 


0. 


; I v i' j> . . j|_ 

: Si*i.r<5=<u»4 


1 

* 4 


.»ris '' 

* . J ;■> 


anA { nt'Kef*ei:ire, . H(0,t) 

By following the si 

a , tfddru|i^' , o# ft tHe ’isotropy all odeff icieht.s «?f - the' stfrfei ifp. to 

B n fO, ^J'y^fafii-usive, must ■beo-dme-' sef’dr - H fiei(^ 1 e : f or. ‘Sihaf i' 1 ^ 1 

i i ■: ■ -■ a.\i ■ I? ■■ n r iabl-: 

. ) i .tT-j :* $ ■*? m.“v 


-■!' it VJV,* V 


Tfi ri J . 


i .1* 'T 1 


!i ? .1 f J i 

•: L> ■> Lr- i-.0 1 1 


leturning to equation ( 6 , 31 . it' is ^sanmed that the rate 
'Of ;1 we crease of the functions ■* 7 ; and v ^ 7 /&r as r - ^ 00 

exceeds the rate of increase of r^ : as r -s» ® and k « 4 . 
-From { 4 # ^>. for fc.WiA.l jf.oUMts -05 • T t »■- ■ * 


c- ■ 


, j •»( tb l d -ix. 


to **i.* , n t *::iJ Tj.nt- 
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00 

~ r J(r,t)r 4 dr - 0 (6.4) 

o 

In other words for all values of t 


.00 

/’ 


00 

/ 


F(r,t)r 4 dr ■ constant « / F(r,0)r 4 dr ■ M (6,6) 


The magnitude K which reiiialns constant in time not-* 
withstanding the diffusion of the disturbance is termed 
"disturbance moment" and Berves as a. measure for the turbu- 
lent disturbance. In the same.tfay as in the phenomenon of 
heat diffusion where the total quantity of heat Initially 
Imparted to the fluid remains the same, the integral (6,5) 
represents a certain measure of the quantity of disturbance 
which remains the same notwithstanding the dissipation of 
the intensity of the turbulence in the flow, 

J ... ■ . - ■ , , . • 

It is emphasised that formula (6,5) was derived for the 
case of homogeneous, isotropic turbulsnoe from equation (5,9) 
in its general form without rejecting the convective term, 
that is. from. the indeterminate equation. Probably in the 
case of no&homogeneoua and nonisbtrople turbulence there 
exists an analogy, as yet unknown, corresponding to formula 
(6,5). 


Therefore, the following general theorem.— the ■ disturb- 
ance moment in homogeneous . isotronlq turbulent flow — 
remains constant and is determined by the lnlt ial disturbance 
imparted to the fluid. In what follows, this theorem is 
termed "the theorem a£ conigrxatlea St£ tfrs disturbance 
moment . " 

. . , . i , . ■ ' 

The.f or egoing equation of the conservation of the dis- 
turbance moment may be readily interpreted as follows t Con- 
sider together with the earlier introduced soale of turbu- 
lence L determined by the Integral (6,1), another conven- 
tional soale L* given by. the* equation; 




,t)r 4 dr 


( 6 , 6 ) 


where I>* like L is a certain statistically derived length 
characterising the soale of the turbulence. The introduction 
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of. this "sea,!?! 1 would,.. be .yery convenient since from equation 

(6 ,6 ) there liquid then immediately follow:" 

■ ' ■ 1 

‘ — . ' ■ J.. 

y 8 1 # , ■ ,0908 tant .. (6,7) 

that is, the produot jjf thg -ami are aZ the iateaaUy. aZ Ika 
turbulence by the fifth powqr pf the pc ale JLa a a on a tant' ■ 
magnitude . a. very olear and simple expression of "the theorem 
of .the ao.n'servatiotf of the disturbance -moment ; ‘ 

It may be observed that the theorem' of the ‘ conservation 
of the disturbance moment serves as an interesting analogy 
of the 'known fact of the conservation of* the total quantity 
of heat during heat propagation in a fluid. This considera- 
tion is essential for the subsequent study and -I* briefly*'' 
explained, Recalling that the Laplaclan, in an n— dimensional 
space for a function depending only on the distance, is deter- 
mined by the formula: 

. ■ i • * *, ■ • * • ’■ 

rj 8 & 8 P n- 1 ; &P 

Sr® r br 

- f • -j r ■ 

• i t * ■ 

it is readily Been that equation (5,9) may be interpreted 
a® Jjhe e quation of the propagation of heat in a fluid in 
five—d linens! anal .ppaqe , the. moment function.. P(r,t) being 
Interpreted as a tem p e ratur e and the 'second* term on the left 

representing the convective variation of the temper a ture Z 

(its transport) expressed through the function H. With this 
■int-ej.rptfe'tation . the disturbance m-oment- appears -no ..Qthef 'than 
the* i quant.lty of heat in a five— dimensional | space -.and .this ■ 
quantity naturally remains constant. The foregoing analogy 
between the propagation of turbulent disturbances in three- 
dimensional space and the -propagation of heat in five- 
dimensional space will be of use later on. 


-7. :MC4Y OP TUHBULEJJCJ5..-..CAS^ OP .OENTBHS 

OP THE SOURCE" TYPB — LAWS OP DECAY Of’ . 


TURBULENCE OP A GIVEN INITIAL INTENSITY AND SOALB 

■ ■ ’ ' . • 

■* » ‘ i * . ■ 

It has been shown that the 'fundamental equation by Yon 
K arm an. is an indeterminate equation and for this reason the 
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problem ‘of the propagation of turbulence still ' remains, 1 es- 
sentially undetermined. It Is possible, nevertheless, ■ te 
derive several very Important conclusions from this equation. 

* # . 

Von Karman and Howarth (reference 2) have solved the 

problem of the decay of the turbulence intensity behind 
centers of disturbance of only the point source type and 
leave the problem far from completely solved. Their ' 
method still leaves the exponent in the law of the decrease 
of' the turbulence Intensity undetermined, that is, only the 
character of the sortition 1 b given. ' Their computation pro- 
cedure is briefly described. 

In equation (6,10) r is equated to sero and since 
for small values of r the function h is of the order of 
r® (seq (6,4))equation (5,10) then becomes 


dv a 

dt 


2vv J 



*) 

r 


lOvf "v® 
o 


(7.1) 


If, according to Taylor, the function g(r,t) Is approxi- 
mately replaced by the parabola 

" * « * 1 ". I 

» 

. 1 I 

vgU.t)- g(0,t) + i g n (0,t)*-®« 1 + i g "r a 

4 i « - A w 



l ■ ■ 1 a 1 ■ • 

and -the abscissa \ found of the intersection of- this parabola 
with the axle r, ■- that is,; X determined by the formula 



this, .mag nlTtud^a may be' considered-- as ' an "approxiinate character- 
istic of the scale of turbulence L e strictly given by the 
equation: :a' ; V ■ 6 ■ ■ 1 


:: a 


v: 


..OBI ....... 

L g * f g( r .t)dr 

7 . :' ' 
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Passing from the function g to the function f and 
‘remembering that hy (4 r ?) 



f. + 2 j 


= f» + 2 




0 


and for r ■ 0 


V + 2 <V " «o B) “ ( V “ «o B) “ 0 


that ls f 


f B a - e * 

o 2 ®o 


results in 


J 


_ J. 
V 


(7,2) 


Hquation (7,1) take 
equation: 


where \ or the magnitude f 0 n associated with it remain 
undetermined fuuctlons of time. 

' . 1 t ■■ I 

Furthermore, returning tp' equation (P,10), Ton Harman 
rejects the terms contalning^th'd function h and shows 
that this corresponds to the case of small B eyn olds number 
“ ‘of -tire turbulent f low . (for- example , number - ■ \/v) . 

Eliminating v a . from the -equation (5, 10) ’■■thtis simplified 
with the aid of (7,1), Ton Earman obtains the equation: 


8 the form ,pf the well-known Taylor 


Szi = _ 

dt 


(7,3) 


A 
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df /d“f 4 4f 

— * 2v ( + 

it \5r a p dr 






(7,4) 


Seeking to obtain a particular Integral of this equation in 

r Von 


the form of a function of a single variable X ■ 
Harman reduces equation (7,4) to the form 


yTt 


■■ + g + i) 


ft _ 6f 0 "f ■ 0 


(7.6) 


where the primes denote the derivatives with respect tJ X 
and, therefore, f * Is a constant which Von XArmAn ‘denotes 
by —a. This constant remains an undetermined constant to 
the end. The solution for f (X ) Is given in the formt 


f ( X ) = 2 4 x 


jj» _ £ 

8 "" 16 
e 


1 8 
X 


M 6 3 (• X- 

1 00— “ v 8 


(7,6) 


where M represents the known hypergeometric function. 1 
Equation (7,l) becomes 


dv 

dt 


8 


- 10 » 


,f (tW) 


dr 


v s ■ — 10 ~ a (7,7) 

u 


Jr«o 


It Is readily Integrated and gives the result 

. ^ : 1 ■ ■ ■ ' * 


_JL , _L_ (JL\ 

■£T a 


• * * 


(7,8) 


■ • 1 

: Whittaker and- Watson, Course .lh modern analysis.' 
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whe;re the 'subscript O' demotes the initial valine. From 
equation (7,3) - .... - 





( 0 ) 



It also follows that 


k 


a 



C7.9) 


Thus for the particular solution of f(x) “ f ^ — which 

corresponds to the analogy of a heat source disturbance, 
t]je problem remains unsolved since a is unknown.' V.en - 
Harman mentions the fact that the value a =• l/5 corresponds 
to the Taylor theory. 

The present author proceeded in a manner differing from 
that of Von Harman's and* e-qlv-ed the problem, not only for 
the "point source" but alero for the case of an y initial dis- 
turba n ce . 1 In place of the correlation funcTTons f and. 

h consider the previously Introduced moment functions 7 
■ and H, that is, start not from equation (4,10) but- from 
equation (5,9). 

Following Yon Harman, the convective term is rejected 
and the equation 

ft 

^2 = 3V - - • <7, 10) 

. . . . 4 i. ‘ dt . ^dr 8 r dr/ . 


is solved corresponding to pure (molecular) diffusive dis- 
turbances. This- equation is regarded as the equation of the 
pro p agation of "heat in five-dimensional enlace ,. 

Beginning with *the-case of a source the particular 
solution of equation (7,10) in the ease of a source in five— 


^Recently the same problem of a source constituted the 
subject of a dissertation' for a' doctor • s ■ de'gree' by if; D. _ 
■Millionshikov whose method differs from the auth'or'-'s 'ketho'd, 
(Rep, of the Acad, of Sci, t 1939.) 
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dimensional space ie well known,'*' The solution is of the 
form: • ■ 


F(r,t) ■ constant 




(7,11) 


For r « 0 


—a, „ , . constant 

V (t) a F ( 0, t ) a — — 

( fvt) a 


(7.13) 


.... c 

Substituting the value of v Q (t) for any t 
and denoting it by v Q a the equation reads 

■ .■ 




t / 0 and 
o 9 


(7,13) 


Comparing this result with the Ton Karman formula (7 r 8) it 
1 8 seen -that- the constant a introduced by him as an unknown 
has a completely defined value, namely, 


a -I 
4 


(7,14) 


Finally the constant entering" equat ions (7,11) and (7,12) can 
be strictly determined. For this purpose the disturbance 
moment M is found by the equation 


( CO GC 

M * J F( r, t )r 4 dr c constant J 


( «/v*) 


r 4 dr 


1 A. Vebstelx.^, Jantift-l -Differential Equations of Mathemati- 
cal . Physica.^ Safer enc-e i.s to Russian translation of book.) 


\ • 
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The Integral Is readily^ evaluated and • after .e4mple reductions 


..1 




whence 


constant 


i 




— s /. M 

▼ (t) *= 


4.8 yin ( v t) a 



(7,15) 


Making' use of the Obtained- value of the constant by equation 
(6,1) gives also for the case of a point sour.cs disturbance 
the law of variation of the eoale of ; turbulence L analogous 
to equation (7,9) for the scale according to Taylor; 


o» co r a 

* J ^ dr ■ J' e~ out dr ** -/Zrivt 

. . ; 7 • ' o’ 1 ' . . >'• \ 


(7,16) 


The above equations give a complete solution of the problem 
of a source of given "strength” M. 


If, according to Taylor, the concept of isotropy is 
generalized to thq case pf • a unlfor|?. flow witjh -average .ye^ocity 
U (for example; behihd a boreeh In the working portion oif a 
wind tunnel) and the obtained formulas applied.. in a Galilean 
: Syfift'em moving with velocity U then fallowing in this manner 
behind the decay of the turbulenoe in the region of the fluid 
moving with velooity U, the result will be X * U(t — t Q ) 

... computed ;alo,ng 4hq.,flqif ? fron\ a certain gqin,t '.oqr.re- 

. spondiig to the instant , t » ,t ffr ; . Equation (7*13). 'then ...becomes: 



(7,17) 


As is known, Taylor gave a linear law, which, is sufficiently 
well confirmed by experiment; wh'11'6 '-'our ' exponent differs from 
unity. The reason for this probably iles in the fact that 
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the disturbances In the tests are not of the source type 
hut initial disturbances of finite magnitude and also in 
the fact that pure diffusion without r convection were 
considered. 

The problem of the decay of the intensity of the 
turbulent disturbances for a given initial distribution 
of the moment function satisfying only the condition of 
finite disturbance reduces to the integration of equation 
(7,10) for the initial condition 


t » 0, T ■ F 0 (r) (7,18) 

Turning to the analogy with the propagation of heat in a ■ 
five-dimensional space, the general solution of the problem 
is written in the form: 


P( r ,t) 


+ 00 


... # 


,a3,a 4 ,a B )t 5 e“ . . ,da B (7,19) 

— 06 


where 


& . 


' p ' ° (/X-ar-a^ ) + ( X3 , + • • > ^ ( Xp — ex 5 ) { 


2 8 a 
7 Xi ■*' Xi .1" 1 i :■ X B 


(7,20) 


i _ 


Ptftffling'to srpher i'cal coordinates the choice for the element 

-of ?»vrfluW : may ^be -ah -Inf lnitely. ‘ttfln spherical layer of volume 

equal to the product of the area of a five— dimensional sphere 

of radius p by “dp** that is ,■ 

' 7 ‘ ■ 

* « ’ * . ■ 


. w • X 


| TT® p 4 dp 


Hq.uat,£ons (7,19) then becomes 
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- - r 


48 v 2n ' 


( /vt ) 1 


p 

f loC'tPitJp 4 • dp ( 7‘i 21 ) 


where T Q (r l p l $) denotes the, average value of the function 
I 0 on a sphere of radius p described about the point at 

distance r from the origin of coordinates. Passing to the 
limit when r It Is noted that on' account of the assumed 

Initial distribution of ? as a function only of the dis- 
tance r 


* - * (p) 

o o. 


whence finally 

v a (t)-.-. r(o,t) 


GO 


48 y2n ( y V t ) 


f I 0 (p)e- BVt p 4 dp (7.22) 


This simple equati.on v determines the law of decay of the 
turbulence Intensity given by Its Initial distribution. 

The above equation changes to- equation (7 ( 15) If. re- 
calling the definition pf source, the function T (p) Is 
chosen thus: 


Vp> 


p > 0 

0 


\ » (p) « » p 

• w ■ 0 


r Hp) P 4 dp - k ; 


lt_ is. . of. interest to no to. that. .for. large t the asymptotic 
form of v a (t) for all initial distributions having the 
same disturbance' agrees with- the distribution for the source 
of the strength (moment). a property analogous to the known 
property of the distribution 'hf heat. 
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It la seen that, the initial dlatr ihutlon of the dis- 
turbance aff eeta the lair of - deoay of the turbulence. In 
the ease of a source there existed an infinitely large 
initial Intensity for an infinitely snail initial soale 
and given strength. In order to evaluate! at least quali- 
tatively, the effect of the initial scale consider the 
following Initial distribution (stepped distribution)! 


j (r) ■ v 8 
o o 


J (r) - 0 
o 


0 < r < L 


r > 1 


(7,23) 


In this simple case (7,22) affords 


v 8 ( t) ® 


— a 
▼o 


48*/2n (,/^t)' 


lo - 

/• 


But 


P 4 <*P 


The integr&l'is easily computed and gives' 


▼ "(t) 


— a 

® v o 


15 


A 


iv= ■" (M 


hi 

But 


4 J 8vt 


( 1 + i w^-)] <7>84> 


The effect of the initial scale for small values of 


Jvt 


may be taken into account by developing the function Xrf 
into a series. After simple reductions it\ approximates to: 

Hrfs here denotes the well known "error function" 

Erf* - — T « * d* 

yn J 



0 


v 
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&5 


v«(t) - (l + i is-"') (7,36) 

. i.v; VS7 ^ » * t ; - • 


16 7 ? 

* • * * 

Noting that in the -given case 


f • i 
. ' 




1 - a . b . 
dr * — L 

r 6 o * *■» 


equation (7,16) may, for convenience of comparing the 
ob^a'ined equation with' the equation -for ‘the aov.joe (L = 0) 
of the same strength K, be rewritten as (7,26): 0 


V a ( t) 


48 yi^/Tt) 1 


A + J. Jlfi. V ; ' (7,26) 

\ 28 vT / ’ 


The relative correction ie Been to be proportional to the 
square of the initial scale. 

A check of the correctness of all the obtained equations 
as well as of the fundamental theorem of the conservation of 
the disturbance moment on the basis of existing experimental 
data is, unfortunately, extremely difficult. The tests, which 
in the near future will be set up in the CAHI laboratories 
under the direction of E. M. Minsky, will serve further to 
develop the present concepts in this interesting field of 
turbulent motion. 


Translation by S, Boise, 
National Advisory Committee 
for Aeronautics. 
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